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Inspired by a new relation θPMNS13 = θC/
√
2 observed from the relatively large θPMNS13 , we find that
the combination of this relation with the quark-lepton complementarity and the self-complementarity
results in correlations of the lepton mixing angles with the quark mixing angles. We find that the
three mixing angles in the PMNS matrix are all related to the Wolfenstein parameter λ in the
quark mixing, so they are also correlated. Consequently, the PMNS matrix can be parameterized
by λ, A, and a Dirac CP-violating phase δ. Such parametrizations for the PMNS matrix have the
same explicitly hierarchical structure as the Wolfenstein parametrization for the CKM matrix in the
quark mixing, and the bimaximal mixing pattern is deduced at the leading order. We also discuss
implications of these phenomenological relations in parametrizations.
PACS numbers: 14.60.Pq, 12.15.Ff, 14.60.Lm
I. INTRODUCTION
Seeking a symmetry or unification of quarks and lep-
tons is one of the goals of particle physics, and many ef-
forts are devoted to this area. The bottom-up approach,
i.e., finding some phenomenological relations as well as
their explanations, gives some clues on this issue. The
purpose of this paper is to investigate a number of phe-
nomenological relations between the quark and lepton
mixing parameters and their implications in phenomeno-
logical analysis.
Generally, the mixing of quarks is described by the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [1] and the
mixing of leptons is described by the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [2]. Both of them
are unitary matrices that can be parametrized by differ-
ent methods, and phenomenological relations are expres-
sions of parameters in the context of certain parametriza-
tion. Among many parametrizations, the Chau-Keung
(CK) parametrization [3], i.e., the standard parametriza-
tion adopted by the Particle Data Group [4, 5] and the
Wolfenstein parametrization [6] are widely used for the
CKM matrix of quark mixing. The former can be ap-
plied to the analysis of the relevant experiments with
three mixing angles and a CP-violating phase, while the
latter is a good indicator of the hierarchical structure for
quark mixing between different generations.
The mixing angles in the PMNS matrix are generally
larger than their correspondents in the CKM matrix,
and this renders the hierarchical structure in the lep-
ton mixing a subtle subject. In the original Wolfenstein
parametrization, the CKM matrix can be well-described
as an expansion around the unit matrix with an expand-
ing parameter λ. Following the same spirit and consider-
ing the anarchy of the lepton mixing, the Wolfenstein-like
parametrization for the PMNS matrix is done around a
zeroth order matrix. There are several mixing patterns
∗Electronic address: mabq@pku.edu.cn
that are candidates for the zeroth order, such as the bi-
maximal pattern [7] and the tribimaximal pattern [8].
Although each one of them has assumed theoretical back-
grounds, nature may have a preference for only one of
them. We show in this paper that the bimaximal pat-
tern can be deduced naturally with the assistance of some
phenomenological relations observed from data.
The neutrino oscillation experiments are analyzed in
the 3ν framework with parameters θ12, θ23, θ13, and a
Dirac CP-violating phase δ in the mixing matrix. The
Majorana CP-violating phases do not manifest them-
selves in the oscillation, and thus they are omitted in
the discussion. Since last year, a number of experiments
provided evidence for a relatively large θ13 [9–11]. The
Daya-Bay Collaboration [12] and the RENO Collabora-
tion [13] have established the relatively large value of θ13
with significance around 5σ. The progress in the mea-
sured values of the lepton mixing angles makes a revisit of
the phenomenological relations necessary. The following
three kinds of phenomenological relations have attracted
our attention:
1. The quark-lepton complementarity (QLC) [14–16],
θCKM12 + θ
PMNS
12 ≃ 45◦,
θCKM23 + θ
PMNS
23 ≃ 45◦;
2. The self-complementarity (SC) [17, 18],
θPMNS12 + θ
PMNS
13 ≃ θPMNS23 ;
3. A new relation, θPMNS13 ≃ θC√2 .
All four equations are admissible within 3σ. Taking three
of the four equations as valid simultaneously, all the mix-
ing angles in the lepton sector can be related to the same
one (λ) or two (λ, A) quark mixing parameters. The cor-
relations of the lepton mixing angles reduce the number
of free parameters in the PMNS matrix. Thus we ar-
rive at a simplified Wolfenstein parametrization for the
PMNS matrix with parameters λ, A coming from the
quark mixing and a phase representing the CP violation.
Seeking underlying connections between quarks and
leptons is one of the basic pursuits of flavor physics.
2TABLE I: The recent global fit result of mixing angles [19].
Parameter NH IH
sin2 θ12/10
−1 3.07+0.18
−0.16 3.07
+0.18
−0.16
sin2 θ23/10
−1 3.98+0.30
−0.26 4.08
+0.35
−0.30
sin2 θ13/10
−2 2.45+0.34
−0.31 2.46
+0.34
−0.31
Phenomenologically and historically, there are many re-
lations that have emerged as possible candidates. The
three kinds of relations we discuss here are all in agree-
ment with the current data. Exploring their implications
may inspire investigation in the direction of model build-
ing.
The paper is organized as follows. In Sec. II we first
check the validity of the above relations with the latest
data. Then we discuss each relation with its origination
and implications in detail. In Sec. III we perform the
Wolfenstein parametrization in four correlating scenarios
indicated by the relations. Some discussions and conclu-
sions are presented in Sec. IV.
II. PHENOMENOLOGICAL RELATIONS OF
QUARK AND LEPTON MIXING ANGLES
A. Verification with the current data
Since the relations under discussion are not all new
ones indicated by the current data, examining them with
the latest data is necessary.
For the mixing angles in the CKM matrix, we use the
global fit result of the Wolfenstein parameters [5] and the
following reparametrization relations:
sCKM12 = λ = 0.2253± 0.0007,
sCKM23 = Aλ
2 = 0.0410+0.0011−0.0008,
sCKM13 = |Aλ3(ρ+ iη)| = 0.0034+0.0002−0.0001. (1)
The corresponding mixing angles are
θCKM12 = (13.02± 0.041)◦,
θCKM23 = (2.35
+0.063
−0.046)
◦,
θCKM13 = (0.19
+0.011
−0.006)
◦. (2)
For the mixing angles in the PMNS matrix, we use the
latest global fit result [19] in Table I. The corresponding
mixing angles are
θPMNS12 = (33.65
+1.12
−0.99)
◦(NH, IH),
θPMNS23 = (39.11
+1.76
−1.52)
◦(NH), (39.70+2.04−1.75)
◦(IH),
θPMNS13 = (9.01
+0.63
−0.57)
◦(NH), (9.02+0.63−0.57)
◦(IH), (3)
where NH/IH denotes normal/inverted hierarchy.
Now we are ready to check the relations we are about
to use.
We notice that-although the smallest lepton mixing an-
gle θPMNS13 turns out to be much larger than expected,
which means a reallocation of the values of the other two
mixing angles-the quark-lepton complementarity still ap-
proximately holds. By observing
θCKM12 + θ
PMNS
12 = (46.67
+1.16
−1.03)
◦(NH, IH),
θCKM23 + θ
PMNS
23 = (41.46
+1.82
−1.57)
◦(NH)
= (42.05+2.10−1.80)
◦(IH), (4)
we find that 45◦ lies in the 2σ range.
For the self-complementarity relation,
θPMNS12 + θ
PMNS
13 = (42.66
+1.75
−1.56)
◦(NH)
= (42.67+1.75−1.56)
◦(IH), (5)
θPMNS23 = (39.11
+1.76
−1.52)
◦(NH)
= (39.70+2.04−1.75)
◦(IH), (6)
which makes θPMNS12 + θ
PMNS
13 ≃ θPMNS23 valid in the 2σ
range.
Notice that
sin θC = sin θ
CKM
12 = λ = 0.2253± 0.0007, (7)
λ√
2
= 0.159± 0.001, (8)
sin θPMNS13 = 0.157
+0.011
−0.010, (9)
which makes sin θPMNS13 ≃ λ√2 valid in the 1σ range.
The relations are all in agreement with the experimen-
tal data at least within the 2σ error range. Although
taking all the relations as true is restrictive, it is still
beneficial to see the consequences in such scenarios with
as many relations as possible. Before doing that, we
firstly discuss these kinds of relations separately, focus-
ing on their phenomenological indications, and especially
on revealing the Wolfenstein-like parametrization of the
PMNS matrix.
B. The quark-lepton complementarity (QLC)
The relation θPMNS12 + θ
CKM
12 ≃ 45◦ was first noted by
Smirnov [14]. Raidal also noticed the second comple-
mentarity relation θPMNS23 + θ
CKM
23 ≃ 45◦ as experimen-
tal evidence for grand unification [16]. The name, i.e.,
“the quark-lepton complementarity”, is firstly proposed
in Ref [15].
As free parameters in the standard model, the mixing
angles of the CKMmatrix and the PMNS matrix are the-
oretically independent of each other. The quark-lepton
complementarity offers a promising possibility for linking
the mixing matrices of quarks and leptons [20]. Its the-
oretical realization has been discussed, e.g., in dihedral
flavor symmetry [21]. Its phenomenological implications
have also been widely discussed [22].
The quark-lepton complementarity is a numerical rela-
tion between the mixing angles of corresponding mixing
3matrices. The mixing angles are the parameters in the
standard parametrization. Considering the equivalence
of different parametrizations, the relation, reflecting the
correlation between the two mixing matrices in nature,
can be adopted for different parametrizations [23, 24].
The triminimal parametrization [25] was first used in
the lepton mixing as an expansion in the correction of
mixing angles. It shares the advantage of having a
clear physical meaning with the standard parametriza-
tion and the advantage of possessing the hierarchical
structure with the Wolfenstein parametrization [26, 27].
The zeroth-order mixing angles for the PMNS matrix
are chosen as special values which can acquire theoreti-
cal backgrounds. With the chosen zeroth value, the ze-
roth PMNS matrix is known as several mixing patterns,
e.g., bimaximal and tribimaximal. The zeroth-order ap-
proximation of the CKM matrix is the unit matrix with
all zeroth-order mixing angles equal to zero. Notice that
with the direct application of the QLC to the zeroth mix-
ing angles, one can find that the zeroth approximation of
the two mixing matrices have a correspondence: the unit
matrix for the CKM matrix corresponds to a bimaximal
pattern for the PMNS matrix [20], and the tribimaximal
pattern for the PMNS matrix corresponds to a V0 for the
CKM matrix [28], which has the form
V0 =


√
2+1√
6
√
2−1√
6
0
−
√
2−1√
6
√
2+1√
6
0
0 0 1

 . (10)
The V0 is a result of the the unified parametrization un-
der the QLC relation with the tribimaximal pattern as
the zeroth for the PMNS matrix in Ref. [28]. The trimini-
mal expansion for the CKM taking V0 as the zeroth-order
approximation is discussed in Ref. [26]. The tribimaxi-
mal pattern is a good approximation for the neutrino
data before the discovery of large θ13; consequently, its
QLC corespondent V0 possesses the merit of fast con-
vergence with comparison to the triminimal expansion
based on the unit matrix for the CKM matrix, which is
also pointed out in Refs. [26, 27, 29].
The triminimal parametrization for the two mixing
matrices have been accomplished with the introduction
of the QLC [27]. The main results in the unified trimin-
imal parametrization are summarized as follows:
1. The zeroth-order approximation or the base matrix
correspondence, i.e., the unit matrix, corresponds
to the bimaximal pattern, and the V0 corresponds
to the tribimaximal pattern.
2. The triminimal expansion around V0 converges
faster than around the unit matrix.
Though the triminimal parametrization has many ad-
vantages, there are three expanding parameters, cor-
responding to each mixing angle. In the Wolfenstein
parametrization the expansion is measured in magnitude
with only one parameter λ. This feature, combined with
the motivation to reveal the hierarchical structure, makes
it always beneficial to look for a proper Wolfenstein(-like)
parametrization for the leptons. The work can be done
with or without the QLC relation. We discuss the situa-
tion related to the QLC here.
The Wolfenstein parametrization is proposed by
reparametrizing the original Kobayashi-Maskawa
scheme [1]- which is also one of the angle-phase
parametrizations-as the standard one. The Wolfenstein
parameters are related to the standard parametrization
by the following relations:
sin θ12 = λ,
sin θ23 = Aλ
2,
sin θ13e
iδ = Aλ3(ρ+ iη). (11)
Using these and the QLC relation, the PMNS matrix can
be parametrized by the same Wolfenstein parameters λ
and A as in Ref. [20]. Thus the deviations of the CKM
matrix to its leading order (the unit matrix) and the
PMNS matrix to its leading order (the bimaximal pat-
tern) are all measured by the same expanding parameter
λ. As there are four mixing parameters in the Dirac-
type neutrino mixing, two additional free parameters are
introduced to accommodate the effect of θ13 and the CP-
violating phase δ. Given that not enough information
was available on the smallest mixing angle θ13, some rela-
tions of θ13 and δ with the Wolfenstein parameters λ and
A were estimated in previous parametrizations [20, 27],
but were adjusted with the observation of a large neu-
trino mixing angle θ13 [17]. The arbitrariness with some
of the degrees of freedom in choosing the expansion pow-
ers will be solved when other relations are introduced,
which we will cover in Sec. III.
The Wolfenstein-like parametrization for the PMNS
matrix can also be done given that V0 is the leading order
for the CKM matrix, as in Ref. [28], where the parame-
ters λ and A are introduced according to the magnitude
of the matrix elements and are therefore not necessar-
ily the same as the Wolfenstein parameters and can be
adjusted with the experimental progress in the lepton
mixing.
As is pointed out in Ref. [16] and the expansion find-
ings mentioned above, the CKM matrix can be viewed
as describing the deviation of the PMNS matrix from
the bimaximal mixing pattern. This leads to a con-
jecture on the correlation of the mixing matrices them-
selves, which can be viewed as the matrix form of the
QLC. Explicitly, it can be in the form VCKMUPMNS =
Ubimaximal or UPMNSVCKM = Ubimaximal, as discussed
in Ref. [30], where the PMNS matrix is parametrized
with the Wolfenstein parameters with the help of the
QLC, and the product of the PMNS matrix and the
CKM matrix are expanded with λ, with a result that
the bimaximal pattern is the leading order. It was also
pointed out that the QLC relation is maintained at dif-
ferent orders of λ, as was discussed in Ref. [17]. It
can also take the form VCKMUPMNS = Utribimaximal or
4UPMNSVCKM = Utribimaximal: the corresponding discus-
sion can be found in Ref. [17]. As the mixing param-
eters in the CKM matrix are better determined com-
pared with the PMNS matrix, it is seen as a good way
to parametrize the PMNS matrix with the CKM param-
eters, as is done when using the original QLC relation.
Another method in this direction takes the form of the
correlation V †CKMUPMNSVCKM = Utribimaximal [31]. Tak-
ing the CKM matrix in the Wolfenstein parametrization
and the PMNS matrix in the standard parametrization,
the mixing angles are expressed by the Wolfenstein pa-
rameters; thus, the oscillation probability is expressed by
the Wolfenstein parameters.
C. The self-complementarity (SC) in the lepton
mixing
The self-complementarity (SC) is observed as a phe-
nomenological relation after the recent results on the rel-
atively large θ13 in the neutrino mixing. It was suggested
in Ref. [17] when the result of T2K was released [9], and
systematically studied in Ref. [18].
Generally there are three kinds of self-complementarity
relations appearing in the nine angle-phase parameteriza-
tions [18]. Given the discussion constrained in the stan-
dard parametrization, the self-complementarity relation
reads θPMNS12 + θ
PMNS
13 ≃ θPMNS23 . The verification of the
validity of this relation was carried out in the previous
subsection.
As the latest experimental results have established the
relatively large θ13, the mixing patterns for the PMNS
matrix all face the challenge of accommodating for this
result, for they all have a vanishing θ13. Naively ap-
plying the self-complementarity relation to the mixing
patterns to get corrections in θ13, we find that the tribi-
maximal requires a rather sound value, θ13 = 9.736
◦ [18].
Whether this can acquire theoretical support still needs
to be tested by further precise measurements.
It is obvious that the self-complementarity offers the
correlations of the lepton mixing angles. Given the cor-
relation inspired by the self-complementarity, one can
find a new mixing pattern for the PMNS matrix, as in
Ref. [17]. By counting the number of free parameters, it
is necessary to make other assumptions to get a constant
matrix as a mixing pattern with special values for the
mixing angles. One such example is reported in Ref. [17],
where the corresponding triminimal expansion is also de-
duced.
Note that once again the freedom of choosing parame-
ters in determining a leading order (or a mixing pattern)
arises. This is because neither of the relations, i.e., the
QLC or the SC, can sufficiently correlate all the lepton
mixing angles.
The self-complementarity relation cannot be deduced
in the context of the standard model. Whether it can ac-
quire some theoretical support is still an open question.
Examining its phenomenological implications would be
helpful before seriously considering this relation from
some theoretical backgrounds.
D. The new relation θPMNS13 = θC/
√
2
Based on the latest value of θPMNS13 , an interesting re-
lation emerges, i.e., sin θPMNS13 =
1√
2
sin θC , or to a good
approximation, θPMNS13 =
1√
2
θC . Numerically,
1√
2
θC =
(9.21 ± 0.04)◦. This offers another correlation between
the CKM parameter and the PMNS parameter. Actu-
ally, the relation sin θPMNS13 =
1√
2
λ shows up as an option
from the QLC in the matrix form as in Refs. [15, 30–
32]. This relation is discussed when confronting earlier
theoretical predictions with the large observed θPMNS13 in
Ref. [17]. It is also suggested as a useful correlation be-
tween the CKM and the PMNS expansion parameters in
a new strategy to parametrize the PMNS matrix in terms
of the mixing angle θPMNS13 [33].
There is a correspondence between the CKM matrix
and the PMNS matrix having the form
VM = VCKMΩUPMNS, (12)
where Ω represents the necessary phase between the two
mixing matrices when they are in the same representation
of a certain gauge group [34]. Leaving the correlation ma-
trix VM unrestrained and parametrizing the CKMmatrix
in the Wolfenstein form, we have
UPMNS = (VCKMΩ)
†VM
=

 e
−iω1 0 0
0 e−iω2 0
0 0 e−iω3



 1−
1
2λ
2 −λ Aλ3(1− ρ− iη)
λ 1− 12λ2 −Aλ2
Aλ3(ρ− iη) Aλ2 1



 V11 V12 V13V21 V22 V23
V31 V32 V33

+O(λ4). (13)
Consequently, we have
Ue3 =
(
(1− λ
2
2
)V13 − λV23 +Aλ3V33(1− ρ− iη)
)
e−iω1 .(14)
For V13 = 0 and V23 =
1√
2
, which is just the situation
for VM = Ubimaximal and VM = Utribimaximal, we have
5Ue3 =
1√
2
λ in O(λ2). Notice that |Ue3| = sin θ13 in the
standard parametrization, so we get the relation under
discussion.
We would like to add a few comments here on the dif-
ferences of the UPMNS and VCKM. By introducing the
right-handed neutrinos into the framework of the stan-
dard model, we have a Dirac mass term for neutrinos
which is the same as that for other fermions. When ex-
pressing the charged current interaction in the basis of
definite mass, the mixing matrices are introduced. It is
known that such a direct way of introducing the neu-
trino mass shares the most similarities with quarks and
leptons, but it cannot account for the smallness of the
neutrino mass. The seesaw formula offers a natural ex-
planation for the origin of the light neutrino mass by in-
troducing heavy Majorana neutrinos. We have the mass
matrix of the light neutrinos in the form
Mseesaw =MDirac 1MMajoranaM
T
Dirac, (15)
where MDirac corresponds to the Yukawa coupling of
the right-handed and left-handed neutrinos. The Dirac
mass term can be diagonalized by two unitary matri-
ces which rotates the left-handed and right-handed fields
separately. Mseesaw is diagonalized as
Mseesaw = UνLFMdiagseesawFTUνTL , (16)
where UνL represents the unitary matrix that rotates the
left-handed fields as in the Dirac mass term. The result-
ing UPMNS is of the form
UPMNS = U
l†
L U
ν
LF , (17)
where F shows explicitly the difference between the
UPMNS and VCKM matrices.
After using the correlations of the mass matrices (or
equivalently, the Yukawa coupling matrices) in the SU(5)
and SO(10) GUTs, Eq. (17) takes the form,
UPMNS = V
†
CKMF , (18)
which is the same form as in Eq. (13) [35].
It is worth mentioning that the above discussion is
based on the Type I seesaw mechanism. Whether the re-
sults can be achieved in other frameworks of mass gener-
ation, e.g., a double seesaw mechanism, remains an open
question.
King noticed this relation [36] and proposed a
tribimaximal-Cabbibo (TBC) mixing with sin θ13 =
sin θC/
√
2, sin θ23 = 1/
√
2, sin θ13 = 1/
√
3. Its re-
alization in the Type I seesaw mechanism is also dis-
cussed. The realization of θPMNS13 =
1√
2
θC via charged
lepton corrections in SU(5) GUTs and Pati-Salam mod-
els is discussed in Ref. [37]. Ue3 = θC/
√
2 could also
happen as an option from some consideration of flavor
symmetry [38].
III. CORRELATIONS OF DIFFERENT
SCENARIOS AND CORRESPONDING PMNS
PARAMETRIZATIONS
There are four relations under discussion. As there are
three lepton mixing angles, all four relations are not ex-
pected to be simultaneously true. By taking three of the
four relations to be simultaneously valid, we find that
they can form four scenarios. In each scenario the three
lepton mixing angles are related to the Wolfenstein pa-
rameters in the quark mixing in a unique way. Conse-
quently, the correlation for the lepton mixing angles in
each scenario is also unique.
Firstly, we restate the four relations for later use and
convenience:
θCKM12 + θ
PMNS
12 = 45
◦, (19)
θCKM23 + θ
PMNS
23 = 45
◦, (20)
θPMNS12 + θ
PMNS
13 = θ
PMNS
23 , (21)
sin θPMNS13 =
λ√
2
. (22)
The four scenarios are as follows:
1. Scenario A
Taking relations in Eq. (19), Eq. (21), and Eq. (22)
to be simultaneously true.
2. Scenario B
Taking relations in Eq. (20), Eq. (21), and Eq. (22)
to be simultaneously true.
3. Scenario C
Taking relations in Eq. (19), Eq. (20), and Eq. (22)
to be simultaneously true.
4. Scenario D
Taking relations in Eq. (19), Eq. (20), and Eq. (21)
to be simultaneously true.
Next we discuss each scenario and give the explicit
form of the correlations as well as the corresponding
PMNS parametrizations.
A. Scenario A
By taking relations in Eq. (19), Eq. (21), and Eq. (22)
to be simultaneously true, namely,
θCKM12 + θ
PMNS
12 = 45
◦,
θPMNS12 + θ
PMNS
13 = θ
PMNS
23 ,
sin θPMNS13 =
λ√
2
,
we find that the trigonometric functions of the mixing
angles in the PMNS matrix can be expressed in the fol-
lowing way, to O(λ4):
sin θPMNS13 =
λ√
2
, (23)
6cos θPMNS13 = 1−
λ2
4
+O(λ4), (24)
sin θPMNS12 =
1√
2
(1 − λ− λ
2
2
) +O(λ4), (25)
cos θPMNS12 =
1√
2
+
λ√
2
− λ
2
2
√
2
+O(λ4), (26)
sin θPMNS23 =
1√
2
+ (
1
2
− 1√
2
)λ+ (
1
2
− 3
4
√
2
)λ2
+
1
8
(−2 +
√
2)λ3 +O(λ4), (27)
cos θPMNS23 =
1√
2
+ (−1
2
+
1√
2
)λ+ (
1
2
− 3
4
√
2
)λ2
+
1
8
(2−
√
2)λ3 +O(λ4). (28)
Substituting the trigonometric functions with the corre-
sponding expansion in λ into the standard parametriza-
tion, we have
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ λ


1√
2
− 1√
2
e
−iδ√
2
1
2
√
2
− e−iδ
2
√
2
1− 1
2
√
2
− e−iδ
2
√
2
1
2 − 1√2
−1 + 1
2
√
2
− e−iδ
2
√
2
− 1
2
√
2
− e−iδ
2
√
2
− 12 + 1√2


+λ2


− 3
4
√
2
− 3
4
√
2
0
9
8 − 1√2 −
e
iδ
4 − 18 − e
iδ
4 +
e
iδ√
2
1
2 − 1√2
− 18 + e
iδ
4 − e
iδ√
2
9
8 − 1√2 +
e
iδ
4
1
2 − 1√2


+λ3


− 1
4
√
2
1
4
√
2
0
− eiδ2 + 9e
iδ
8
√
2
− 34 + 1√2 +
e
iδ
8
√
2
− 38 + 12√2
3
4 − 1√2 +
e
iδ
8
√
2
− eiδ2 + 9e
iδ
8
√
2
3
8 − 12√2

+O(λ4). (29)
We add a few comments here.
1. We do not use Eq. (20) because it relates the θPMNS23
to θCKM23 , where sin θ
CKM
23 = Aλ
2. In this scenario,
θPMNS23 relates to the Wolfenstein parameter λ indi-
rectly from θPMNS12 and θ
PMNS
13 .
2. A simple check for Eq. (20) is sin(θCKM23 +θ
PMNS
23 ) =
1√
2
+(12− 1√2 )λ+O(λ2), which means that the four
relations cannot be simultaneously exact. Taking
relations in Eq. (19), Eq. (21), and Eq. (22) to
be simultaneously true results in a correction in
Eq. (20).
3. The bimaximal pattern is achieved naturally in the
leading order, which is not so obvious, as we admit
only one QLC relation here.
4. Eq. (22) is arrived at O(λ), which is not surprising
as it is one of the conditions.
5. As a useful quantity for the measurement of the
CP violation, we calculate the Jarlskog invari-
ant in this scenario, which is J = 1
4
√
2
sin δλ +(
1
2 − 118√2
)
sin δλ3 +O(λ5) = 0.0346 sinδ.
6. The simplified Wolfenstein parametrization for the
PMNS matrix in this scenario has only two param-
eters: the same λ as in the quark mixing and a CP
violating phase δ.
7. The PMNS matrix in this Wolfenstein parametriza-
tion requires corrections in the size of λ, which is
also the expanding parameter in the CKM matrix.
B. Scenario B
By taking relations in Eq. (20), Eq. (21), and Eq. (22),
i.e.,
θCKM23 + θ
PMNS
23 = 45
◦,
θPMNS12 + θ
PMNS
13 = θ
PMNS
23 ,
sin θPMNS13 =
λ√
2
,
to be simultaneously true, following a similar procedure
as in the previous subsection, we have
sin θPMNS13 =
λ√
2
, (30)
cos θPMNS13 = 1−
λ2
4
+O(λ4), (31)
sin θPMNS12 =
1√
2
− λ
2
+
(
− 1
4
√
2
− A√
2
)
λ2
−Aλ
3
2
+O(λ4), (32)
cos θPMNS12 =
1√
2
+
λ
2
+
(
− 1
4
√
2
+
A√
2
)
λ2
7−Aλ
3
2
+O(λ4), (33)
sin θPMNS23 =
1√
2
− Aλ
2
√
2
+O(λ4), (34)
cos θPMNS23 =
1√
2
+
Aλ2√
2
+O(λ4). (35)
Substituting the trigonometric functions with the corre-
sponding expansion in λ into the standard parametriza-
tion, we have
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ λ


1
2 − 12 e
−iδ√
2
−1+eiδ
2
√
2
−−1+eiδ
2
√
2
0
− 1+eiδ
2
√
2
− 1+eiδ
2
√
2
0


+λ2


− 1
2
√
2
+ A√
2
− 1
2
√
2
− A√
2
0
1
8 − e
iδ
4 − 18 +A+ e
iδ
4 − 14√2 − A√2
− 18 −A− e
iδ
4
1
8 +
e
iδ
4 − 14√2 +
A√
2


+λ3


− 18 − A2 18 − A2 0
8A+eiδ
8
√
2
(1+8A)eiδ
8
√
2
0
(−1+8A)eiδ
8
√
2
8A+eiδ
8
√
2
0

+O(λ4). (36)
1. A simple check for Eq. (19) is sin(θCKM12 +θ
PMNS
12 ) =
1√
2
+ (− 12 + 1√2 )λ +O(λ2).
2. The bimaximal pattern is achieved in the leading
order again, and also only one QLC relation is taken
here.
3. Eq. (22) is arrived at O(λ).
4. The Jarlskog invariant in this scenario is J =
1
4
√
2
sin δλ − 3
8
√
2
sin δλ3 − A2 sin δλ4 + O(λ5) =
0.0356 sinδ.
5. The simplified Wolfenstein parametrization for the
PMNS matrix in this scenario has three parame-
ters: the same A and λ as in the quark mixing, and
a CP-violating phase δ.
6. The PMNS matrix in this Wolfenstein parametriza-
tion requires corrections in the size of λ, which is
also the expanding parameter in the CKM matrix.
C. Scenario C
By taking relations in Eq. (19), Eq. (20), and Eq. (22),
i.e.,
θCKM12 + θ
PMNS
12 = 45
◦,
θCKM23 + θ
PMNS
23 = 45
◦,
sin θPMNS13 =
λ√
2
,
to be simultaneously true, we have
sin θPMNS13 =
λ√
2
, (37)
cos θPMNS13 = 1−
λ2
4
+O(λ4), (38)
sin θPMNS12 =
1√
2
− λ√
2
− λ
2
2
√
2
+O(λ4), (39)
cos θPMNS12 =
1√
2
+
λ√
2
− λ
2
2
√
2
+O(λ4), (40)
sin θPMNS23 =
1√
2
− Aλ
2
√
2
+O(λ4), (41)
cos θPMNS23 =
1√
2
+
Aλ2√
2
+O(λ4). (42)
Substituting the trigonometric functions with the corre-
sponding expansion in λ into the standard parametriza-
tion, we have
8UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ λ


1√
2
− 1√
2
e
−iδ√
2
1
2 − e
iδ
2
√
2
1
2 − e
iδ
2
√
2
0
− 12 − e
iδ
2
√
2
− 12 − e
iδ
2
√
2
0


+λ2


− 3
4
√
2
− 3
4
√
2
0
1
4 (1− 2A−
√
2eiδ) 14 (−1 + 2A+
√
2eiδ) − 1
4
√
2
− A√
2
1
4 (−1− 2A−
√
2eiδ) 14 (1 + 2A+
√
2eiδ) − 1
4
√
2
+ A√
2


+λ3

 −
1
4
√
2
1
4
√
2
0
1
8 (4A+
√
2eiδ + 2
√
2Aeiδ) 18 (4A+
√
2eiδ + 2
√
2Aeiδ) 0
1
8 (4A+
√
2eiδ − 2√2Aeiδ) 18 (4A+
√
2eiδ − 2√2Aeiδ) 0

+O(λ4). (43)
1. A check for Eq. (21) is sin(θPMNS12 + θ
PMNS
13 ) −
sin θPMNS23 = (
1
2 − 1√2 )λ+O(λ2).
2. The bimaximal pattern is achieved in the leading
order, which is a direct result of two QLC relations.
3. Eq. (22) is arrived at O(λ).
4. The Jarlskog invariant in this scenario is J =
1
4
√
2
sin δλ− 5
8
√
2
sin δλ3 +O(λ5) = 0.0348 sinδ.
5. The simplified Wolfenstein parametrization for the
PMNS matrix in this scenario also has three param-
eters: the same A and λ as in the quark mixing, and
a CP-violating phase δ.
6. The PMNS matrix in this Wolfenstein parametriza-
tion requires corrections in the size of λ, which is
also the expanding parameter in the CKM matrix.
D. Scenario D
By taking relations in Eq. (19), Eq. (20), and Eq. (21),
i.e.,
θCKM12 + θ
PMNS
12 = 45
◦,
θCKM23 + θ
PMNS
23 = 45
◦,
θPMNS12 + θ
PMNS
13 = θ
PMNS
23 ,
to be simultaneously true, we have
sin θPMNS13 = λ−Aλ2 +O(λ4), (44)
cos θPMNS13 = 1−
λ2
2
+Aλ3 +O(λ4), (45)
sin θPMNS12 =
1√
2
− λ√
2
− λ
2
2
√
2
+O(λ4), (46)
cos θPMNS12 =
1√
2
+
λ√
2
− λ
2
2
√
2
+O(λ4), (47)
sin θPMNS23 =
1√
2
− Aλ
2
√
2
+O(λ4), (48)
cos θPMNS23 =
1√
2
+
Aλ2√
2
+O(λ4). (49)
Substituting the trigonometric functions with the corre-
sponding expansion in λ into the standard parametriza-
tion, we have
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ λ


1√
2
− 1√
2
e−iδ
1
2 − e
iδ
2
1
2 − e
iδ
2 0
− 12 − e
iδ
2 − 12 − e
iδ
2 0


+λ2


− 1√
2
− 1√
2
−Ae−iδ
1
4 (1− 2A− 2eiδ + 2Aeiδ) 14 (−1 + 2A+ 2eiδ + 2Aeiδ) − 12√2 −
A√
2
1
4 (−1− 2A− 2eiδ + 2Aeiδ) 14 (1 + 2A+ 2eiδ + 2Aeiδ) − 12√2 +
A√
2


+λ3


− 1
2
√
2
+ A√
2
− 1
2
√
2
+ A√
2
0
1
4 (2A+ e
iδ + 4Aeiδ) 14 (2A+ e
iδ) A√
2
1
4 (2A+ e
iδ) 14 (2A+ e
iδ − 4Aeiδ) A√
2

+O(λ4). (50)
91. A check for Eq. (22) is sin θPMNS13 = λ+O(λ2).
2. The bimaximal pattern is achieved in the leading
order, which is a direct result of two QLC relations.
3. The Jarlskog invariant in this scenario is J =
1
4 sin δλ − A4 sin δλ2 − 34 sin δλ3 + 11A8 sin δλ4 +
O(λ5) = 0.0400 sinδ.
4. The simplified Wolfenstein parametrization for the
PMNS matrix in this scenario has three parame-
ters: the same A and λ as in the quark mixing, and
a CP-violating phase δ.
5. The PMNS matrix in this Wolfenstein parametriza-
tion requires corrections in the size of λ, which is
also the expanding parameter in the CKM matrix.
It is notable that to O(λ2), Scenarios A, B and C all
require a 7% correction to the relation not being used,
while Scenario D requires a 41% correction. This means
that Scenario D is not desirable in this sense.
IV. DISCUSSIONS AND CONCLUSIONS
There are two questions concerning our motivation
here. One is, why are we looking for a Wolfenstein-like
parametrization in the lepton mixing? The other is, why
is the same λ as in the CKM matrix important for the
Wolfenstein-like parametrization in the lepton sector?
When answering the first question, one should notice
the simple fact that the Wolfenstein(-like) parametriza-
tion reveals the hierarchical structure with only one ex-
panding parameter, which distinguishes it from the trim-
inimal approach. Only one expanding parameter means
that the limiting behavior can be analyzed more directly.
So it naturally leads to the answer to the second ques-
tion: if we have the same expanding parameter for the
CKM and the PMNS matrix, their behavior in the limit
of a vanishing expanding parameter can be analyzed in
a unified way.
Using λ as the single parameter characterizing the mix-
ing in both the quark and lepton sectors can be tracked
to Raidal [16], where a non-Abelian flavor model is pre-
sented. The same idea is proposed in Ref. [35] as Cabibbo
haze in the context of grand unification, and further ex-
plained in Ref. [39]. In those works, it is argued that the
lepton mixing acquires Cabibbo-sized effects from an un-
known base in the λ→ 0 limit where the haze originates.
Reference [39] also states that λ could be the order pa-
rameter characterizing the flavor structures of the quarks
and leptons. We find that the lepton mixing does acquire
a Cabibbo-sized effect given the phenomenological rela-
tions, and that the base is the well-known bimaximal
pattern. Therefore, it is no longer a haze given these
phenomenological relations.
With a proper redefinition of the mixing angles in
the PMNS matrix, or more straightforwardly, starting
with the magnitude of the matrix elements, one can
parametrize the PMNS matrix in a Wolfenstein-like way
as in Refs. [33, 40–43]. In Ref. [33], a Wolfenstein-like
expansion of the PMNS matrix is achieved with θ13 as
the expanding parameter, resulting in a parametrization
that is simple in form, convenient for use, and general
with all independent degrees of freedom.
In this work, we started by revisiting the phenomeno-
logical relations concerning fermion mixing angles. Their
roles in the neutrino phenomenology, especially in the
direction towards the quark-lepton unification by cer-
tain connections were emphasized. We then analyzed
the unique correlation of the lepton mixing angles given
by the relations in four scenarios. We made the simpli-
fied Wolfenstein parametrization for the PMNS matrix.
Thus the hierarchical structure in the lepton sector is re-
vealed with the same expanding parameter λ as in the
quark mixing. We emphasize that by taking the indica-
tion from the phenomenological relations, the resulting
Wolfenstein parametrization is restrictive without arbi-
trariness in choosing free parameters by hand, and sim-
plified in the sense that less parameters show up. This
feature has the benefit of being definitive and the draw-
back of being restrictive. It calls for futther experimental
progress to verify the phenomenological relations we have
taken as our primary condition. The phenomenological
relations may all acquire corrections when more restric-
tive data are available, but this may not hurt the dis-
cussion in this work, as seeking connections may inspire
more profound thoughts than were ever expected.
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